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$\mathrm{Q}$ ( ) ?
Hoffman’s harmonic algebra l derivation cyclic derivation
sum formula cydic sum formula
[11]





index set $\mathrm{k}=(k_{1}, k_{2}, \ldots, k_{n})$ [ $n\geq 1,$ $k_{1},$ $k_{2},$ $\ldots,$ $k_{n-1}\geq 1$
$k_{n}\geq 2$ admissible index $\mathrm{w}t(\mathrm{k})=$
$k=k_{1}+k_{2}+\cdots+k_{n}$. $\mathrm{k}$ weight $\mathrm{d}\mathrm{e}\mathrm{p}(\mathrm{k})=n$ $\mathrm{k}$ depth
admissible index $\mathrm{k}=(k_{1}, k_{2}., \ldots, k_{n}.)$ { $\zeta(\mathrm{k})$
1






$\epsilon_{1}=1,$ $\epsilon_{k}=0,$ $\epsilon_{2},$ $\ldots,\epsilon_{k-1}\in\{0,1\}$ $A_{0}(t)=t,$ $A_{1}(t)=1-t$
$I( \epsilon_{1}, \ldots, \epsilon_{k})=\int_{\backslash }\ldots\int_{\prime 0\nearrow t_{1\backslash ’}\cdots\backslash t_{k}<1}\frac{dt_{1}}{A_{\epsilon_{1}}(t_{1})}.\ldots\frac{dt_{k}}{A_{\epsilon_{k}}(t_{k})}$
.













weight ( $\pi$ weight )
height index
$\mathrm{k}=(k_{1}, k_{2}, \ldots, k_{n})$ l height $\mathrm{h}\mathrm{t}(\mathrm{k})$
$\mathrm{h}\mathrm{t}(\mathrm{k})=s=\#\{i|k_{\dot{l}}\geq 2\}$
130
2(T. Q. T. Le and J. Murakami [12]) $1\leq s\leq k$ (
$\sum_{\mathrm{k}\mathrm{a}\mathrm{d}\mathrm{m}\mathrm{i}\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{b}1\mathrm{e}}$







2 $\mathrm{S}$ $\mathrm{f}^{\backslash }$
$\mathrm{S}$ a .ssible index $\mathrm{k}=(k_{1}, k_{2}, \ldots, k_{n})$ [ $S(\mathrm{k})$
$S( \mathrm{k})=\zeta(k_{1}, k_{2}., \ldots, k_{n}.)=\sum_{0<m_{1}\leq m_{2}\underline{\backslash ^{\vee}}\cdots\underline{\backslash ^{\vee}}m_{n}}\frac{1}{7ll_{1,2}^{k_{1\gamma Jl}k_{2p\gamma\iota_{n^{k_{n}}}}}}\ldots$
,
$S(\mathrm{k})$ “ $\mathrm{S}$ ”
admissible index
$\mathrm{S}$
$S(k_{1}, k_{2})=((k_{1}, k_{2})+((k_{1}+k_{2})$ ,
$\zeta(k_{1}, k_{2})=S(k_{1}, k_{2})-S(k_{1}+k_{2})$ ,
$S(k_{1},k_{2}, k_{3})=\zeta(k_{1}, k_{2}, k_{3})+\zeta(k_{1}+k_{2}, k_{3})+\zeta(k_{1}, k_{2}+k_{3})+\zeta(k_{1}+k_{2}+k_{3})$,
$\zeta(k_{1},k_{2}, k_{3})=S(k_{1}, k_{2}, k_{3})-S(k_{1}+k_{2}, k_{3})-S(k_{1}, k_{2}+k_{3})+S(k_{1}+k_{2}+k_{3})$,












3(sum formula $[2][19]$ , cf.[3]) $0<n<k$ [
$\mathrm{w}\mathrm{t}(\mathrm{k}).=k,\mathrm{d}\mathrm{e}\mathrm{p}(\mathrm{k})=n\sum_{\mathrm{k}A\mathrm{m}\mathrm{i}\mathrm{a}\mathrm{e}\mathrm{i}\mathrm{b}1\mathrm{e}}$





$\sum_{n=1}^{k-1}S(1, \ldots, 1k-n\sim’+1)=2(k-1)(1-2^{1-k})\zeta(k)$ .
$\tau\iota-1$
1 $k>1$ $s \leq\frac{k}{2}$ T
$\mathrm{w}\mathrm{t}(\mathrm{k})=k,\mathrm{h}\mathrm{t}(\mathrm{k})=s\sum_{\mathrm{k}-\mathrm{a}\mathrm{d}\mathrm{m}\mathrm{i}\S \mathrm{s}\mathrm{i}\mathrm{b}1\mathrm{e}}$
$S(\mathrm{k})=2(\begin{array}{ll}k -12s -1\end{array})(1-2^{1-k})\zeta(k)$ .













weight $k$ , depth 2, height 1
5(Euler)





$F(k,$ $n,$ $s)=$ $\sum$ $\zeta(\mathrm{k})$
lcadmissible
$\mathrm{w}\mathrm{t}(.\mathrm{k})=k,$ $\mathrm{d}\mathrm{e}\mathrm{p}\{\mathrm{k})=n,$ $\mathrm{h}\mathrm{t}(.\mathrm{k})=s$
$R_{k}$ $\mathrm{Q}[\pi^{2}, \zeta(3), \zeta(5), \zeta(7), \zeta(9), \ldots]$ weight $k$ (
weight . $\mathfrak{n}^{\gamma}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}$ )
$F.(k, 2,1)=\zeta(1, k-1),$ $F(k, 2,2)\in R_{k}$ Euler
$F(k, n,n)\in R_{k}$ Hoffman, Kaneko
$F(k, n, 1)=\zeta(1, \ldots, 1, k-n+1)\in R_{k}$ Aomoto, Drinfel’ $\mathrm{d}$ , Zagier
$F(2n, n, n)=\zeta(2,2, \ldots, 2)\in \mathrm{Q}\zeta(2n)$ Euler(?)
$F(2/\iota+1,7\iota,r\iota)\in R_{2n+1}$ Kaneko
$F(k,n, s)$
$\Phi_{0}(x_{\dot{l}}y, z)=\sum_{k,n,s}F(k,\cdot n., s)x^{k-n-s}y^{n-s}z^{s-1}$
$\in \mathrm{R}[[x,y,z]]$
$s\geq 1,$ $n\geq s,$ $k\geq n+s$ admissible index





$S_{n}(x,y,z)=x^{n}+y^{n}-\alpha^{n}-\beta^{n}$ , $\alpha,$ $\beta=.\frac{x\neq_{1}y\pm\sqrt{(x+y)^{2}-4r_{\vee}}}{2}$
.
$\log(1-\frac{xy-z}{(1-x_{l})(1-?/)})=\sum_{n=2}^{\infty}\frac{S_{n}(x,y,z)}{\mathit{1}}$,
[ adm sible index $k,n,$ $s$




$\sum_{a,b\geq 1}\zeta(\underline{1,\ldots,1}, b+1)x^{a}y^{b}=\Phi_{0}(\prime x,\prime y,0)=\frac{1}{\prime xy}.(1-\exp(\sum_{n=2}^{\infty}\zeta(r\iota)\frac{x^{n}+y^{n}-(x+y)^{n}}{r\iota}))$
$a.–1$
( [19] )
: $\mathrm{S}$ weight height
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